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Abstract
Advances in the development of amorphous selenium-based direct conversion
photoconductors for high-energy radiation critically depend on the improvement of its
sensitivity to ionizing radiation, which is directly related to the pair production energy.
Traditionally, theories for the pair production energy have been based on the parabolic band
approximation and do not provide a satisfactory agreement with experimental results for
amorphous selenium. Here we present a calculation of the pair creation energy in trigonal and
amorphous selenium based on its electronic structure. In indirect semiconductors, such as
trigonal selenium, the ionization threshold energy can be as low as the energy gap, resulting in
a lower pair creation energy, which is a favorable factor for sensitivity. Also, the statistics of
photogenerated charge carriers is studied in order to evaluate the theoretical value of the Fano
factor and its dependence on recombination processes. We show that recombination can
significantly compromise the detector’s energy resolution as a result of an increase in the Fano
factor.

(Some figures may appear in colour only in the online journal)

1. Introduction

Semiconductors are widely used as functional materials
in high-energy radiation detectors, including amorphous
selenium-based flat-panel x-ray detectors [1] and (CdZn)Te
detectors, with applications in medical and industrial
imaging [2, 3], dosimetry and security [4]. The sensitivity of
these detectors is determined by their ability to convert high-
energy photons into electron–hole pairs. The corresponding
characteristic of the material is the pair creation energy, W0

±,
which is the ratio between the radiation ionization energy and
the average number of electron–hole pairs created (quantum
yield).

The theory of electron–hole pair production by impact
ionization in semiconductors was initially introduced by
Shockley [5] and further refined by Klein [6] in the

context of electron–hole pair generation by ionizing radiation.
According to Klein [6], W0

± is related to the semiconductor
energy gap Eg, the average residual kinetic energy of resultant
carriers hEki, and the average energy loss to optical phonons
hEphi between two ionization events in the following way

W0
± = Eg + 2hEki + hEphi. (1)

The factor of 2 above accounts for the residual excess
energy of both resultant charge carriers (electron and
hole). Considering energy and momentum conservation
requirements during the pair production event [7] and
assuming a parabolic band dispersion along with the
random-k approximation [8], the following expression is
obtained for the pair creation energy [6]

W0
± ⇡ 2.8Eg + hEphi. (2)
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The average phonon energy loss is usually assumed to
be in the range of hEphi = 0.5–1 eV for the majority of
semiconductors [5].

In spite of the number of approximations involved, equa-
tion (2) provides a good representation of the experimentally
observed linear dependence of W0

± on the energy gap in
most semiconductors [6]. The notable exception is amorphous
selenium (a-Se), for which equation (2) overestimates the pair
creation energy by approximately 2 eV [9]. In particular, the
mobility gap of a-Se is about 2.3 eV [10], which, through
equation (2), leads to the theoretical W0

± ⇡ 7.0–7.5 eV.
However, the experimental intrinsic value of W0

± in a-Se is
approximately 4–6 eV [11].

Que and Rowlands [9] proposed to resolve this
inconsistency in a-Se by assuming that the ionization
threshold energy, Eth, is equal to the energy gap. This
assumption implies loosening the requirement of momentum
conservation, which is motivated by the disordered structure
of a-Se. Accordingly, equation (2) is transformed into [5, 9]

W0
± ⇡ 2.2Eg + hEphi. (3)

The latter expression is consistent with the experimental data
for the pair production energy in a-Se.

Recent analysis of the electronic structure of trigonal
selenium (t-Se) indicates that Eth ⇡ Eg for both types of
charge carriers as a result of the indirect band structure [12].
Therefore, the assumption regarding violation of momentum
conservation is not necessarily required for interpretation of
the low W0

± in a-Se.
In this paper, we report detailed calculations of the

electron–hole pair creation energy in t-Se and a-Se from
first principles. Unlike previous calculations [9], which were
based on the parabolic band structure approximation, our
calculations include realistic density of states (DOS) and
ionization threshold energies that result in more accurate and
reliable prediction of the pair creation energy. Furthermore,
we report theoretical values of the Fano factor, a measure
of the dispersion of the probability distribution of W0

±. The
calculated intrinsic Fano factor turns out to be lower than
that in (CdZn)Te, indicating a high potential for the energy
resolution in both t-Se and a-Se. In the discussion, we
specially emphasize the statistical role of recombination as a
limiting factor of the energy resolution.

2. Calculation method

The generation of charge carriers by ionizing radiation is
generally viewed as a two-step process. The first step involves
the absorption of a high-energy photon and the subsequent
creation of primary energetic electrons and holes. In the
second step, the primary charge carriers lose their kinetic
energy mainly by impact ionization, leading to the production
of secondary electron–hole pairs. The process continues until
the excess kinetic energy of the secondary carriers falls below
the ionization threshold. The main challenge in theoretical
calculation of the pair production energy using equation (1)
is finding an accurate approximation for the average kinetic

energy of residual charge carriers while taking into account
the electronic structure of the material in question.

Here we use a random-k approximation, which has
proven to be successful especially for transitions far from
the ionization threshold [8, 13]. This approximation implies
a uniform distribution of final carriers in k-space, which
translates into the probability for a resultant carrier of falling
in the energy interval (E, E + dE) to be proportional to the
density of states ⇢(E). The average kinetic energy of residual
electrons can then be expressed as [7]

hEk,ei =
R Eth,e

ECBM
(E � ECBM)⇢(E) dE
R Eth,e

ECBM
⇢(E) dE

, (4)

where Eth,e is the ionization threshold energy for electrons and
ECBM is the energy position of the conduction band minimum.
It is straightforward to extend equation (4) for holes, therefore
we omit it here.

Calculation of DOS for trigonal selenium (t-Se) was
undertaken in the framework of the density functional theory
implemented in the ABINIT package [14, 15]. The generalized
gradient approximation (GGA) [16] and Troullier–Martins
pseudopotentials [17, 18] were employed. The valence
electron wavefunctions were expanded using a plane-wave
basis set with a cutoff energy of 25 Ha. The Brillouin zone
was sampled using a Monkhorst–Pack [19] 20 ⇥ 20 ⇥ 18
k-point mesh. Further details regarding the geometry of the
model structure and convergence criteria have been reported
elsewhere [12, 20].

DOS for the amorphous phase was also calculated from
first principles. The simulation cell consists of 50 atoms
placed in a cubic supercell with periodical boundary
conditions. The creation of the a-Se structure involves two
steps. First, a preliminary structure of a-Se was created using a
self-avoiding random-walk model (also known as a disordered
chain model) [21–23]. In this model, the chains of atoms
are built by arranging atoms such that the nearest-neighbor
distances and the bond angles correspond to the equilibrium
experimental values, while the dihedral angle between atoms
in the same chain is random. Second, the structural relaxation
was performed using a full-potential linearized augmented
plane-wave method implemented in the WIEN2k package [24]
and GGA [16] for the exchange–correlation functional. The
energy to separate core and valence electrons was set to
�6 Ryd. The product of the atomic sphere radius and
plane-wave cutoff in k-space was equal to 7. The Brillouin
zone was sampled using a 2 ⇥ 2 ⇥ 2 Monkhorst–Pack
mesh [19]. The internal degrees of freedom were relaxed
by minimizing the total energy and forces acting on atoms.
In the final structure, the residual forces did not exceed
2 mRyd/Bohr.

The DFT energy gap of t-Se is about 1 eV, which is
significantly underestimated with respect to the experimental
value of 1.85 eV [25–27]. This inconsistency is attributed
to a well-known shortcoming of explicit density-dependent
functionals, which tend to underestimate the energy gap [28].
In the following analysis, the so-called ‘scissor operator’
(energy offset) was applied in order to match the theoretical
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energy gap with its experimental value. The same energy
offset was also applied when calculating DOS for a-Se.

The Fano factor was calculated from the variance � 2
N in

the number N of electron–hole pairs generated per incident
high-energy photon absorbed as follows [29]

F = � 2
N

hNi . (5)

The statistics of electron–hole pair generation was modeled
using a Monte Carlo simulation algorithm based on random
values of W0

± and a fixed energy h̄!0 of the absorbed photon.
The calculations were performed for the photon energy of 10
and 100 keV, but no noticeable difference in the value of Fano
factor was found.

Random values of the electron–hole pair creation energy
were determined according to

W0
± = Eg + Ek,e + Ek,h + rh̄!op. (6)

Here Ek,e and Ek,h are the electron and hole kinetic energies
taken randomly in the range 0–Eth with a probability
distribution proportional to the density of states ⇢(E) in the
conduction and valence band, respectively. The stochastic
nature of energy loss due to the optical phonon emission is
taken into account via a random number of phonons emitted r
with the exponential distribution

p(r) = hri�1e�r/hri, (7)

where hri represents the average number of phonons emitted
per electron–hole pair produced.

Using a set of random values W0
±(i), the number of

electron–hole pairs N generated per incident photon was
determined from the following condition

0 
"

NX

i=1

W0
±(i)

#

� h̄!0 < W0
±(N). (8)

After multiple realizations, we build a statistically viable
set of data that allows evaluation of the Fano factor using
equation (5).

3. Results and discussion

3.1. Pair creation energy

We begin the calculation of the average pair creation energy
W0

± by identifying the values of its main constituents: the
semiconductor energy gap Eg, the average residual kinetic
energy of resultant carriers hEki and the average energy loss
to optical phonons hEphi.

The energy gap of t-Se is 1.85 eV [25–27]. In amorphous
structures, Eg is not well defined due to the extended
band tails. Therefore, we use a range of 1.95–2.3 eV for
a-Se. The lower bound corresponds to optical absorption
measurements [30, 31], whereas the upper limit is set by
transport measurements of the mobility gap [10, 32, 33].

Calculation of the average kinetic energy for residual
carriers requires knowledge of the DOS near the top of the

Figure 1. Density of states in t-Se (black solid line) calculated
using DFT. The top of the valence band and bottom of the
conduction band are marked as EVBM and ECBM, respectively. The
shaded area indicates the states that can be occupied by residual
charge carriers with excess energy not exceeding the ionization
threshold energy for electrons and holes (Eth,e and Eth,h,
respectively). The center of mass of the shaded area corresponds to
the average kinetic energy hEki of residual carriers. The difference
between these energies is the pair creation energy minus the phonon
contribution, W0

± � hEphi. The calculated DOS for a-Se is shown for
comparison (red dashed line). The Gaussian broadening of 25 meV
was applied in both cases.

valence band and the bottom of the conduction band, as well
as the ionization threshold. The calculated DOSs of t-Se and
a-Se are presented in figure 1. Both DOSs clearly exhibit
the presence of bonding, antibonding and lone-pair states.
The width of the corresponding bands is about 2.5–3 eV,
which is consistent with previous calculations [34, 35] and
experimental measurements [36, 37]. The lone-pair DOS of
t-Se has a characteristic double-peak structure [34, 35], which
is well reproduced in our calculations. In the case of a-Se,
peaks and the band edges are smeared due to the disorder [37].
Nevertheless, it is still possible to resolve a gap between
bonding and antibonding DOS, the presence of which is a
signature of a distorted, but not random dihedral angle [35,
38]. Some sharp features are still present in a-Se DOS
(figure 1) and can be related to the finite size of the simulation
volume. However, the latter does not affect the calculation of
W± due to the averaging procedure in equation (4).

The threshold energies for electrons and holes are derived
from analysis of the t-Se band structure taking into account
energy and momentum conservation requirements [12]. The
results of the calculation suggest that the ionization threshold
in t-Se is approximately equal to the energy gap (Eth,e = Eg
and Eth,h = 1.05Eg [12]). This result differs significantly from
that predicted by the parabolic band approximation (Eth =
1.5Eg) and can be attributed to the indirect band structure of
t-Se.

Using the ionization threshold energies and the calculated
DOS function ⇢(E) for t-Se and a-Se, we calculate the average
kinetic energy for residual carriers as a weighted average of
the shaded regions in figure 1 (shown for t-Se DOS only).
Using equation (4) we obtain the ratio hEki/Eg = 0.54±0.04.
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Table 1. Intrinsic pair creation energy (eV) in t-Se/a-Se assuming
various values of the energy gap and the average number hri of
optical phonons emitted.

Energy gap (eV)

hri 1.85 2.1 2.3

10 4.4/— 4.7/4.4 5.0/4.5
20 4.7/— 5.0/4.7 5.3/4.8
30 5.0/— 5.3/5.0 5.6/5.1

Here the margins appear due to the uncertainty of the band gap
energies. The difference between the average kinetic energy
for electrons and holes is marginal and it does not exceed
the error-bar. It should be noted that the obtained average
kinetic energy is much less than that predicted by the parabolic
band approximation hEki/Eg = 0.9. The difference is largely
attributed to the fact that Eth ⇡ Eg.

The average energy loss due to phonon emission hEphi
between two successive ionization events can be estimated
based on the average number of phonons emitted hri and
the optical phonon energy h̄!op. According to [5], hri is
not sensitive to the material composition and ranges between
10 and 30. The phonon spectra of trigonal and amorphous
selenium phases are very similar [39] with the high-energy
peak at 29 and 31 meV for t-Se and a-Se, respectively [40].
In our calculation we take the value of h̄!op = 30 meV,
which results in the average energy loss to phonons hEphi =
0.3–0.9 eV.

The pair creation energies in t-Se and a-Se calculated
according to equation (1) are presented in table 1. The
expectation value of W0

± ranges between 4.4 and 5.6 eV
depending on the choice of material parameters, Eg and
hri. The difference between the values of W0

± for a-Se
and t-Se is marginal (about 10%), and it can be attributed
to a more uniform DOS of a-Se (figure 1). These data
correspond to the intrinsic pair creation energy implying
that the electron–hole pair generation and collection is not
mediated by recombination or incomplete energy absorption
(such as Compton scattering). The theoretical values of W0

±
agree with those measured experimentally for a-Se: W0

± =
4–6 eV [11], 6 eV [41, 42], 5.4 eV [43]. The results of our
detailed calculations are remarkably close to those obtained
using the approximate equation (3) that explains the success
of Que and Rowlands [9] analysis of x-ray photogeneration
in a-Se with the assumption that Eg = Eth. However, the
violation of momentum conservation is not required in our
case.

3.2. Fano factor

Fluctuations in the number of charge carriers generated
as a result of absorption of a high-energy radiation can
be expressed through the Fano factor. It is closely related
to the intrinsic limit of the energy resolution of the
detector [4, p 377]. We proceed with calculation of the Fano
factor according to its definition in equation (5) using the
same parameters as for the pair creation energy. The results
are presented in table 2.

Table 2. Intrinsic Fano factor for t-Se/a-Se assuming various values
of the energy gap.

Energy gap (eV)

hri 1.85 2.1 2.3

10 0.036/— 0.031/0.044 0.030/0.043
20 0.044/— 0.038/0.051 0.036/0.049
30 0.057/— 0.050/0.063 0.046/0.059

Our calculations suggest that the intrinsic value of the
Fano factor in t-Se and a-Se is in the range of 0.03–0.06.
The Fano factor increases with decreasing energy gap Eg
and increasing number of phonons hri emitted between two
consequent pair production events. The disparity between
a-Se and t-Se values of the Fano factor is practically negligible
and can be assigned to a broader distribution of energy of
resultant carriers in the case of a-Se. It is apparent that the
Fano factor in t-Se and a-Se is superior to the corresponding
value in such technologically prevalent semiconductors as Ge,
Si and (CdZn)Te, where the Fano factor amounts to 0.059,
0.067 and 0.089, respectively [44, 45].

One should bear in mind that the intrinsic values
of the Fano factor can only be observed under the
circumstances of complete collection of photogenerated
charge carriers. Recombination and charge trapping are two
major mechanisms that limit the collection efficiency in
a-Se [9, 42, 46]. Even at a relatively strong electric field
of 10 V µm�1, only about 10% of photogenerated carriers
survive recombination, which is evident from the high value
of the pair creation energy W± ⇡ 40 eV [47] compared to the
intrinsic value of W0

± ⇡ 5 eV.
Provided recombination is the only stochastic factor that

governs variation in the number N of electron–hole pairs
created, statistics of the charge conversion are then described
by a binomial distribution with the variance of Np(1 � p)

and mean N(1 � p), where p is the recombination probability.
Hence, according to equation (5), the Fano factor is given by
F = p. This simple result sets the lower statistical limit for the
Fano factor due to recombination.

In order to account for recombination as an additional
source of variance in the number of electron–hole pairs
generated, we include the recombination probability p as a
parameter into the Monte Carlo algorithm for the calculation
of the Fano factor. The simulated dependence of the Fano
factor on the recombination probability is presented in
figure 2. In the limit of small recombination probabilities,
the Fano factor approaches its intrinsic value F0. The Fano
factor then deteriorates progressively, approaching the limit of
F = p, as the fraction of the carriers that recombine increases.

Using a heuristic approach, we derived a general
expression for the Fano factor

F = F0(1 � p) + p (9)

that captures both effects: statistical fluctuations of the pair
creation energy included in the intrinsic Fano factor F0 and the
carrier loss due to recombination. Equation (9) successfully
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Figure 2. Dependence of the Fano factor on the recombination
probability in a-Se calculated using Monte Carlo simulation
(symbols) and analytically using equation (9). The shaded region
represents the uncertainty in the intrinsic value of the Fano factor
according to the range of data in table 2. The dashed line
corresponds to the recombination-limited value of the Fano factor
F = p. The arrows indicate an approximate value of the
recombination probability taken from [9, 47] for the specified
electric fields.

reproduces results of the Monte Carlo simulation as shown in
figure 2.

Our analysis suggests that the nearly intrinsic value of
the Fano factor can only be achieved if one manages to
keep the recombination probability below 0.1 for a-Se, or
more generally p . F0. In practice, the recombination can be
controlled by the strength of an external electric field applied
to the sample. The pulse height spectroscopy experiments
performed on a-Se at a field of 20 V µm�1 indicate a broad
distribution of Ns [47, 48], which is consistent with the
recombination-limited statistics. Apparently, electric fields
much greater than 60 V µm�1 are required in order to lower
the Fano factor down to its intrinsic limit (see figure 2).

In the case of single photon detectors when the energy of
the incident radiation is concerned, the most important factor
is the energy resolution, which is given by [49, p 118]

R = 2.35
p

F/hNi. (10)

Apparently, the lower Fano factor of the photoconductor
directly translates into a better energy resolution of the
detector. However, when the detector operates in the
integration mode, one of the main performance factors is
the detective quantum efficiency [50, p 26]. The latter is
proportional to the Swank factor AS, which also depends on
the Fano factor and the average number hNi of electron–hole
pairs collected

AS = hNi
F + hNi . (11)

Given that the number of created charge carriers is much
greater than the Fano factor, AS in a-Se comes very close to
unity [48, 51], its ideal value. In this case, the Fano factor

does not play a significant role in determining the detector
characteristics.

4. Conclusions

The objective of our theoretical study was the calculation
of the charge pair production energy and the Fano factor
in t-Se and a-Se. The calculation was based on the
electronic structure of t-Se and a-Se, which was obtained
self-consistently from first principles in the framework of a
density functional theory. The statistics of the electron–hole
pair generation were modeled using a Monte Carlo simulation
technique and a random-k approximation to determine the
final state of resultant charge carriers.

Results of our calculations suggest that the intrinsic
theoretical value of the pair creation energy W0

± in a-Se
and t-Se ranges between 4.4 and 5.6 eV. The value is
practically insensitive to the structural order of selenium.
The uncertainty is related to the flexibility in the choice of
material parameters, such as the energy/mobility gap and the
average number of phonons emitted between two consequent
pair production events. Obtained values agree well with
experimental data available in the literature for a-Se. The
puzzling overestimation of W0

± by Klein’s traditional formula
is attributed to a relatively low average kinetic energy of
resultant charge carriers. This observation is closely related
to low ionization threshold energies for both charge carriers
in t-Se as a consequence of its indirect band structure.
Our interpretation provides an alternative to violation of the
momentum conservation, which was put forward previously
in the literature to explain the deviation of W0

± from Klein’s
formula.

According to theoretical predictions, the intrinsic value
of the Fano factor F0 in selenium is confined within the
range of 0.03–0.06, which is superior to the corresponding
characteristic in Si, Ge and (GdZn)Te. However, achieving
these values practically can be challenging due to the
recombination of photogenerated charge carriers, which is
present to a large extent in selenium even at strong electric
fields (10–60 V µm�1). We propose a correction to the Fano
factor that takes into account the effect of the carrier loss
due to recombination. The analysis suggests that the nearly
intrinsic value of the Fano factor can only be achieved,
when the recombination probability is reduced below F0.
Otherwise, the Fano factor and, correspondingly, the energy
resolution of a detector is limited by a recombination statistics
rather than by fluctuations in the pair creation energy.
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[30] Tichỳ L, Tichá H, Nagels P, Sleeckx E and Callaerts R 1996

Mater. Lett. 26 279
[31] Solieman A and Abu-Sehly A 2010 Physica B 405 1101
[32] Vanhuyse B, Grevendonk W, Adriaenssens G J and

Dauwen J 1987 Phys. Rev. B 35 9298
[33] Abkowitz M 1988 Philos. Mag. Lett. 58 53
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